INVERSE SEMIGROUPS OF LEFT I-QUOTIENTS 



NASSRADDIN GHRODA AND VICTORIA GOULD 

Abstract. We examine, in a general setting, a notion of inverse semigroup 
of left quotients, which we call left I-quotients. This concept has appeared, 
and has been used, as far back as Clifford's seminal work describing bisimple 
inverse monoids in terms of their right unit subsemigroups. As a consequence 
of our approach, we find a straightforward way of extending Clifford's work to 
bisimple inverse semigroups (a step that has previously proved to be awkward). 
We also put some earlier work on Gantos into a wider and clearer context, and 
pave the way for further progress. 



Introduction 

The notion of quotient plays an important role in algebra. As far as semigroup 
theory is concerned, it occurs in its simplest form as the concept of a group 67 of 
left quotients of a subsemigroup S, which requires that every g G 67 can be written 
as g = a _1 6 where a,b G S. A well known result of Ore and Dubreil [I] says that 
a semigroup S has a group of left quotients if and only if it is right reversible 
and cancellative, where right reversible means that for any a,b G S , Sad Sb ^ 0. 
The notion of group of left quotients was extended to that of semigroup of left 
quotients by Fountain and Petrich in [8] ; this idea has been extensively developed 
by a number of authors. If Q is a semigroup of quotients of a subsemigroup S, 
then every q G 67 can be written as q = asb where a, b G S and a? is the inverse of 
a in a subgroup of Q. It is a hard problem to obtain a general characterisation 
of those semigroups possessing a semigroup of left quotients. The best results in 
this direction consider semigroups having a semigroup of left quotients lying in a 
particular class; the result of Ore and Dubreil being such an example. 

The object of this paper is to begin a systematic review of an alternative, but 
very natural, notion of quotient. The focus here will be on inverse semigroups, 
and we aim to develop a concept of quotient that will utilise the natural involution 
that an inverse semigroup possesses. For an element a of an inverse semigroup Q, 
a^ 1 will always denote the inverse of a in the sense of inverse semigroup theory. 
If a lies in a subgroup, then a} = a" 1 , but a" 1 may exist without a lying in a 
subgroup. 
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Definition 0.1. Let S be a subsemigroup of an inverse semigroup Q. Then S 
is a left I-order in Q and Q is a semigroup of left I-quotients of S if every g G Q 
can be written as q = a~ l b where a,b G S*. 

We stress that this notion is not new - it has been effectively defined by a 
number of authors, without being made fully explicit. Perhaps the first time this 
idea appeared was in [3], an article that (in our terminology) considered right 
cancellative monoids as left I-orders in bisimple inverse monoids. The results of 
[3] are arrived at via explicit construction of quotients from equivalence classes 
of ordered pairs of elements of S. An alternative approach uses inverse hulls of 
right cancellative monoids, and was pursued (and taken further) in, for example, 
[T7JII5] and [2J. For inverse semigroups that do not have an identity, one cannot 
take the right unit subsemigroup as a natural right cancellative submonoid. To 
overcome this, Reilly [19] , introduced the notion of quotient of an RP-system, 
where an RP-system corresponds (according to his result) to an 7?.-class of a 
bisimple inverse semigroup Q. Reilly's approach is subsumed in Lawson's use 
of category actions to construct inverse semigroups [15]. It is easy to see (and 
we show this enroute in Section [T]) that if Q is a bisimple inverse semigroup and 
R is an 7£-class of Q, then every element of Q can be written as a~ x h where a 
and b lie in R; from the above, R is an RP-system but will not, in general, be a 
subsemigroup. Nevertheless, Reilly successfully used RP-systems to characterise 
congruences on bisimple inverse semigroups [20] . In a different direction, Gantos 
[9] extended the work of Clifford to semilattices of right cancellative monoids. 

The above mentioned articles, and others, all consider left I-orders in particular 
classes of semigroups. Here, after Section [1] of preliminaries, we begin in Section [2] 
in a rather more abstract way, by asking the natural questions that arise when 
one introduces a notion of quotient. For example, if S is a left /-order in Q, under 
what conditions is a^b = c~ x d where a,b,c,d G SI If S possesses a semigroup 
of left I-quotients, when is this unique? We then apply our findings in a number 
of different ways. We first show that Brandt semigroups of left I-quotients of a 
given semigroup S are unique up to isomorphism, thus extending the result of [7] 
that states that Brandt semigroups of left quotients of a given 5* are unique. 

In Section [3] we focus on left ample semigroups. A semigroup S is left ample 
if and only if it embeds into an inverse semigroup Q in such a way that if a G S, 
then aa^ 1 G S. Right cancellative monoids are precisely left ample semigroups 
possessing a single idempotent. A left ample semigroup S has a natural repre- 
sentation as partial one-one maps of S, from which we can construct its inverse 
hull £(£)• We find necessary and sufficient conditions for a left ample semigroup 
to be a left I-order in its inverse hull, namely that for any a, b G S, Sa R Sb = Sc 
for some c G S; we call this Condition (LC). Thus, (LC) is a rather stronger 
condition than being right reversible. Our result corresponds exactly to that of 
Clifford for right cancellative monoids. 
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We divert a little in Section H] to look at strong semilattices of left ample 
semigroups with (LC). Let S be a strong semilattice Y of left ample semigroups 
S a , a G Y, such that each S a has (LC); using the general results of Section [2j we 
show that S is a left I-order in Q, where Q a strong semilattice Y of the inverse 
hulls Ti(S a ) of the semigroups S a ,oe G Y, if and only if the connecting morphisms 
are LC-preserving, and this is equivalent to S having (LC). In this case, Q is the 
inverse hull of S. Part of our result extends that of [9] in a rather simple way. 

In the final section, we consider left I-orders in bisimple inverse semigroups. 
Building on the work of Section [3j we define a category LAC of left ample 
semigroups with (LC), and the category BIS of bisimple inverse semigroups, and 
show that LAC and BIS are equivalent. This result may be be specialised to 
show that the corresponding category of right cancellative monoids is equivalent 
to the category of bisimple inverse monoids. 

It will be useful in future work to make adjustments to Definition 10.11 in the 
case where Q has a zero. To avoid complications in the current paper we make 
no further mention of this. 

I. Preliminaries and inverse hulls 

For any semigroup Q we denote the quasi-orders associated with Green's re- 
lations 1Z and C by <n and <c, respectively. To avoid ambiguity we may use 
the superscript Q to indicate that a relation applies to Q, so that, for example, 
a<^6 if and only if aQ 1 C bQ 1 . 

The relation 1Z* is defined on a semigroup S by the rule that for any a, b G 
S, alZ* b in S if and only if a TZ b in some oversemigroup of S. The following 
alternative characterisation of TZ* is well known. 

Lemma 1.1. The following are equivalent for elements a,b of a semigroup S: 

(i) an* b; 

(ii) for all x,y G S 1 , 

xa = ya if and only if xb = yb. 

It is easy to see that n* is a left congruence, n C TZ* and 72. = 72-* if is 
regular. In general, however, the inclusion can be strict. 

In a semigroup with commuting idempotents, it is clear that any 72*-class con- 
tains at most one idempotent. Where it exists we denote the (unique) idempotent 
in the 72*-class of a by a + . If every 72*-class contains an idempotent, + is then 
a unary operation on S and we may regard S as an algebra of type (2, 1); as 
such, morphisms must preserve the unary operation of + (and hence the relation 
n*). We may refer to such morphisms as '(2, l)-morphisms' if there is danger of 
ambiguity. Of course, any semigroup isomorphism must preserve + . We remark 
here that if S is inverse, then a + = aa" 1 for all a G S. 

Definition 1.2. A semigroup S is left ample if E(S) is a semilattice, every n*- 
class contains a (necessarily unique) idempotent a + and the left ample identity 
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(AL) holds: 

xy + = (xy + ) + x (AL). 

It is easy to see that a semigroup is left ample and unipotent (that is, it contains 
exactly one idempotent) if and only if it a right cancellative monoid. 

Remark 1.3. The class of left ample semigroups forms a quasi- variety of algebras 
of type (2,1). 

Since any inverse semigroup is left ample, any subsemigroup of such that is 
closed under + must therefore be left ample. The converse is also true: left ample 
semigroups are (up to isomorphism), precisely the submonoids of (symmetric) 
inverse semigroups closed under + . As the representation we use is needed in 
some later sections, we give a brief outline. Further details can be found in, for 
example, [TJ]. It is useful to recall that in a symmetric inverse semigroup Ix we 
have a TZ ft if and only if dom a = dom ft, and a C ft if and only if im a = im ft. 

Let S be left ample. We construct an embedding of S into the symmetric 
inverse semigroup Is as follows. For each a G S we let p a G Is be given by 

domp a = Sa + and imp a = Sa 

and for any x G dom p a . 

Then the map 9s '■ S —¥ Is is a (2, l)-embedding. 

Definition 1.4. Let S be a left ample semigroup. Then the inverse hull E(5) of 
S is the inverse subsemigroup of Is generated by im 9s- 

We pause to consider a special case. Let M be a right cancellative monoid. 
Then for any a G M, we have that p a : M — > Ma, so that dom p a = M = dom Im, 
giving that im^s C Ri, where R\ is the 7£-class of Im in Im- 

2. Left I-orders 

The classical notion of quotients in |8j, developed in a number of further ar- 
ticles, tells us that if we want close relationship between a left order and its 
semigroup of left quotients, then we may need to insist that the left order be 
straight [11]. Extrapolating this idea gives us the following: 

Definition 2.1. Let S be a left I-order in Q. Then S is straight in Q if every 
q G Q can be written as q = a~ l h where a,b G S and a TZ b in Q. 

If S is a left I-order in Q and S has a right identity, then this must be an 
identity of Q (and hence of S). For any q G Q we have that q = a~ l b where 
a, b G S, so that 

qe = a~ l be = a~ l b = q 

and 

eq = ea~ l b = (ae)~ 1 b = a~ l b = q. 
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We remark that if a semigroup S is a left order in Q in the sense of [8], then 
it is certainly a left I-order. For, if S is a left order in Q, then we insist that any 
q E Q can be written as q = a^b where a,b E S and a" is the inverse of a in a 
subgroup of S. Our notion of left I-order is more general, as we now demonstrate 
with an easy example. 

Example 2.2. Let B be the Bicyclic Semigroup and let S = -R(o.o)> the 7£-class 
of the identity. It is clear that S is a subsemigroup of B. For any (a, b) E B we 
have that 

(a,6) = (a,0)(0,6) = (0,a)" 1 (0,6) 

so that S is a left I-order in B. On the other hand, the only element of S lying 
in a subgroup is (0, 0) and (0, 0)"(0, n) = (0, n), for any (0, n) E S. Thus S is not 
a left order in B. 

The fact that R(o t o) is a left I-order in B is a very special case of the result 
of [3] mentioned in the Introduction, which we shall revisit. The semigroup B 
is bisimple and we shall see that bisimple inverse semigroups play an important 
role in this theory. Suppose that Q is bisimple and we pick an 7£-class R = R e 
of Q, where e E E(S). Let q E Q. As Q is bisimple we can find mutually inverse 
elements x,x~ l E Q such that xx~ l = e and x~ l x = qq^ 1 . Then q = x^xq 
and xq1Zxqq~ l = xlZe. Thus any element of Q can be written as a quotient of 
elements chosen from any 1Z- class. 

For an example of a different flavour, we present the following. For later 
purposes, it is useful to recall that if B is a Brandt semigroup and a,e E B with 
e = e 2 , then ea ^ (ae ^ 0) implies that ea = a [at = a). 

Example 2.3. Let H be a left order in a group G, and let £>° = B°(G,I) be a 
Brandt semigroup over G where |/| > 2. Fix i E I and let 

Si = {(i,h,j): he H,j el} u{0}. 

Then Si is a straight left I-order in B°. 

To see this, notice that Si is a subsemigroup, = _1 0, and for any (j,g, k) e 
£>°, we may write g = a~ l b where a,b E H and then 

(j,9,k) = {i,a,j)~ l (i,b, k) 

where (i, a,j), (i, b, k) E Si. 

Again, it is easy to see that Si is not a left order in B°. 

Notice that if S is a left I-order in Q and a,b E S with alZb in Q, then 
a -1 !Za~ x b Cb in Q, so that if S is straight in Q, then S intersects every C-class 
ofQ. 

In this initial article we will be primarily interested in left ample semigroups 
that are left I-orders. In such cases the relation 1Z* will always refer to the left 
I-order. 
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Lemma 2.4. Let S be a left ample semigroup, embedded (as a (2, l)-algebra) in 
an inverse semigroup Q. If S is a left I-order in Q, then S is straight. 

Proof. Let q = a~ 1 b G Q where a,b G S. Then 



We know from the classical case that a semigroup may be a left I-order in 
non-isomorphic semigroups of left I-quotients (see, for example, [5]). For the 
remainder of this section we concentrate on determining when two semigroups of 
straight left I-quotients of a given semigroup are isomorphic. More generally we 
introduce the following notion. 

Definition 2.5. Let S be a subsemigroup of Q and let <fi : S — > P be a morphism 
from S to a semigroup P. If there is a morphism <f> : Q — > P such that <p\$ = <p, 
then we say that lifts to domain Q and <fi lifts to <fi. If lifts to an isomorphism, 
then we say that Q and P are isomorphic over S. 

To achieve our goal, we must first examine when two quotients a~ l b and c~ l d 
are equal, where a,b,c,d<ES and S is a left I-order in Q. Notice that if alZ Q b 
and clZ® d and a^b = c~ 1 d, then an earlier remark gives that a£® c and b£® d. 
In Lemma 12.71 below, we give conditions on S such that a~ x b = c~ x d\ the use 
of Green's relations in Q in our conditions will be 'internalised' to S at a later 
point. First, a preliminary remark that, given its usefulness, more than merits 
the name of lemma. 

Lemma 2.6. Let b, c, x, y be elements of an inverse semigroup Q such that xlZy. 
If bc^ 1 = x~ x y, then xb = yc. 

Proof. We have that 



q = (a + a)-\b + b) = a^a+b+b = a^b+a+b = (6+ a)' 1 (a + b) . 




□ 



be cb 



i 



(be' 1 ) (bc^ 1 ) 



(x y)(x y) = x yy x = x x 



TZy. Hence 



be c = bb be c = be cb b = x xb 



and so xbc l c = xb. From y = xbc 



we have 



xb = xbc c = yc. 



□ 



Lemma 2.7. Let S be a straight left I-order in Q. Let a,b,c,dG S with alZ® b 
and clZ® d in Q. Then a -1 6 = c~ x d if and only if there exist x,y G S with 
xa = yc and xb = yd and such that a TV* a x TZ Q y and y C Q cr 1 in Q. 
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Proof. Suppose first that a~ l b = c~ l d. Then as above, bC Q d and aC Q c. Let 
x, y G S be such that ac _1 = x~ l y and x 1Z Q y. Then 

b = ac~ x d = x~ x yd 

so that xb = yd. From Lemma [2.61 xa = yc. Also, 

a TZ Q acT 1 TZ Q ac^ 1 = x^y TZ Q aT 1 , 

and 

y = xacT 1 a~ 1 ac~ 1 = c~ 1 cc~ 1 = c -1 

as required. 

Conversely, if xa = yc, xb = yd for some x,y G S with xlZ®y, a1Z® x~ l and 
y c -1 , then a = x~ 1 yc, b = x~ l yd and 

a~ l b = (x~ 1 yc)~ 1 (x~ 1 yd) 
= c~ 1 y~ 1 xx~ 1 yd 
= c~ l y~ x yd as xTZ Q y 

= c~ l cc~ x d as y £9 c _1 

= c-M. 

□ 

Let S be a subsemigroup of an inverse semigroup Q. We use Green's relations 
on Q to define binary relations <^ s , TZg, <£ 5 and £^ and a ternary relation if 
on 5 by the rules that: 

<n,s =<l n(5 x 5) and <« 5 =<? n(S x 5), 

SO t licit g and < £ s are, respectively, left and right compatible quasi-orders. 
We then define TZg and £® to be the associated equivalence relations, so that 

Tl Q s = TZ Q n (S x 5) and = £ Q n (5 x S). 

Consequently, TZ® and £5 are left and right compatible. We define Tg by the 
rule that for any a, b, c G 5*, 

(a, b, c) G 71? if and only if ab~ l Q C c _1 Q. 

Lemma 2.8. Lei 5 and T be subsemigroup of inverse semigroups Q and P re- 
spectively, and let <fi : S — )■ T be a morphism. If for all a, b, c G S , 

(a, 6, c) elf ^ (acp, b<f), af>) G 7^, 

i/ien /or all u,v £ S , 

u <g iT 1 U (j) {v<py l . 

Proof. Suppose that u,v G S and uQ C v~ x Q. Then uu~ l Q C t> _1 Q, so that 
(u,u,v) G 7g . By assumption, (u<p,u<f),v<j)) G 7^, so that 

u0P = ucj){u(j)y l P C (v0) -1 P 

and n0 <^ as required. □ 
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We use the relation Tg to prove our rather general result below. As in the 

classical case, can be avoided in some special cases of interest. 

Theorem 2.9. Let S be a straight left I-order in Q and let T be a sub semigroup 
of an inverse semigroup P. Suppose that : S — )■ T is a morphism. Then lifts 
to a (unique) morphism : Q — )■ P if and only if for all (a, b, c) G S: 

(i) (a, b) G 7^ => (a0, 60) £ 11%; 

(ii) (a, 6, c) £ if (a0, 60, c0) G Tf. 

If (i) and (ii) hold and Sip is a left I-order in P , then : Q — >• P is onto. 

Proof. If lifts to a morphism 0, then as morphisms between inverse semigroups 
preserve inverses and Green's relations, it is easy to see that (i) and (ii) hold. 

Conversely, suppose that (i) and (ii) hold. We define : Q — > P by the rule 
that 

(a^b)^ = (a0)" 1 60 

where a, 6 G S and a 6. 

To show that is well defined, suppose that 

a~ l b = c~ 1 d 

where a, b,c,d G S, a 1Z Q b and clZ Q d. Then by Lemma \'2.7\ there exist x,y £ S 
with xa = yc and xb = yd and such that a 7Z® a; -1 , x 1Z Q y and y £ Q c -1 . Applying 
0, we have that x0a0 = y0c0 and £060 = y4>d<j). By (i) we also have that 
x0 7£ p ?/0, a0 7?. p 60 and c0 7?. p c?0, and by (ii) and Lemma 12. 8[ it follows that 
60 <n N^T 1 and c/0 <£ (y<py l . 

From x060 = y<fid(j) we can now deduce that 60 = (x<f))~ 1 y<pd<j) so that 

(a0) _1 60 = (acf))~ 1 (x(f))~ l y(f)d(f) 

= (x0 a0) _1 |/0 G?0 
= (#C0)" 1 ?/0d0 
= (C0)~ 1 (?/0)" 1 ?/0rf0 

= (c0) _1 ci0, 

so that is well defined. 

To see that lifts 0, let h £ S; then /i = for some k,i £ S with fcft Q l 
We have that kh = £ and h<^k~ x , so that &0/i0 = £0 and by Lemma 12.81 
/i0 (A;0)~ 1 . It follows that /i0 = (fc0)" 1 £0 = h0. 

We need to show that is a morphism. To this end, let a~ 1 b, c~ x d G Q with 
alZ® b and clZ® d. By (z) we have that c(j)lZ p d<p. Now 6c _1 = for some 
u,v £ S with ulZ^v. By Lemma [2.6^ m6 = t>c, so that U060 = t>0c0. Further, 
(6, c, u) G 7^, so by assumption (ii), we have that (60, c0, u0) G 7^. Then from 
M060(c0) _1 = f0c0(c0) _1 we obtain 60(c0) _1 = (■u0)~ 1 f c0(c0)~ 1 . 

Multiplying, we have 

(a~ 1 6)(c _1 <i) = a~ (bc~ )d = a _1 (M _1 f)(i = (a - it )(?; <i) = (ua)~ 1 vd, 
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and 

ua TZ Q ub = vc 1Z Q vd. 

Henc6 

((a-^Xc-^))^ = ((ua^vd)^ 

= ((Ma)0) _1 (f d)4> 

= (a<j))~ 1 (u(j))~ 1 v<j)d<f) 

= (a0) _1 (tt0) _1 i> cf)C(f) (c0) _1 d0 

= \a- l b]4>(c- l d)4>, 

so that is a morphism as required. 

If (z) and (ii) hold and S<p is a left I-order in P, then for any pePwe have 
p = (a0) _1 o0 for some a,b G S, so that p = (a _1 o)0. □ 

Corollary 2.10. Let S be a straight left I-order in Q and let : S — )■ P 6e an 

embedding of S into an inverse semigroup P such that S<p is a straight left I-order 
in P. Then Q is isomorphic to P over S if and only if for any a,b,c E S : 

(i) (a, b) G (a(j), 60) E K^; and 

(ii) (a, 6,c)e7?^ (a0, b<j), c0) G 7^. 

Proof. If Q is isomorphic to P over 5 then (z) and (ii) hold from Theorem 12.91 

Suppose now that (i) and (ii) hold. From Theorem I2.9[ lifts to a morphism 
: Q — > -P, where (a _1 o)0 = (a0) _1 60. Dually, _1 : S*0 — > Q lifts to a 
morphism _1 : P Q, where ((a0)~ 1 60)0~ 1 = a _1 6. Clearly and _1 are 
mutually inverse. □ 

Where S is left ample, and preserves + , then we note that (i) in Theorem 12.91 
and Corollary 12.101 is redundant. Further redundancies become apparent in the 
next section. 

For an alternative use of Theorem 12.91 we consider the case of left I-orders in 
Brandt semigroups. 

Theorem 2.11. Let S be a left I-order in a Brandt semigroup B° = B°(G,I). 
Then S contains a zero and is straight in B°. 

If : S — » T is an isomorphism where T is a left I-order in B\ = B°(H, J), 
then lifts to an isomorphism : B° — > B\. 

Proof. Let S be a left I-order in B°. Clearly S ^ {0}. Suppose that S is contained 
within a non-zero group "H-class of B°, say S C H^i,*) (where 1 is the identity 
of G). Then S^S = {a~ x b : a,b G S} C H^i^, a contradiction as we must 
have G S^S. It follows that either G S, or there exists (i,g,j) G S for 
some i,j G I with i ^ j and g E G. But in the latter case, we again have 

0= (i,9,j)(i,9,j) e 

Clearly = _1 0. For any (i,g,j) E B°, we have (i,g,j) = a _1 6 for some 
a,b E S. We must have that 

aT 1 = (i,u,£) and 6 = (£,v,j) 
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so that a = (£, it -1 , i) TZ (£, v,j) = b in B°. Thus S is straight in B°. 

Suppose now that b G S and b 7^ 0. Then bb^ 1 7^ and bb^ 1 = a~ l c for some 
a,c E S \ {0}. Since aa^ 1 7^ and £>° is categorical at zero, we have ab 7^ 0. We 
deduce that Sb ^ {0}. 

Let '■ S — > T be as given. Let a,b G S \ {0} with a TZ b in 25°. Then there 
exists c G S" with ca 7^ and hence c6 7^ 0. It follows that (c0)(a0), (c0)(60) are 
non-zero in so that acj)TZb(j) in 

We also show that preserves £; for if a, b G 5 \ {0} and a £6 in B°, then 
6a _1 7^ 0, whence ba^ 1 = u~ x v for some m,d6 S'\{0}. It follows that ub = va ^ 
and so (n0)(60) = (v0)(a0) 7^ in T. Consequently, a0£60 in 

It remains to show that preserves T^ . Suppose therefore that a,b,c G 5 1 
and ab^B C c _1 S°. Then either afe -1 = 0, or ab~ x TZc~ x in In the former 
case, a and b are not £-related in B° and so by the previous paragraph (applying 
the argument to -1 ), a0 and 60 are not £-related in B®, giving (a0)(60) -1 = 
and so (a<j))(b<j))~ 1 Bi C (c0)~ 1 i3°. On the other hand, if ab^ 1 7^ 0, then we have 
a Lb and a7£c _1 in B°. It follows that ca 7^ and so a0£&0 and (c0)(a0) 7^ 
in Consequently, 

(a0)(60)- 1 i3° = (a0)£° = (c^B ,. 

Since (and, dually, _1 ) preserve both TZ and T, it follows from Corollary 12. 101 
that lifts to an isomorphism : B° — > B®. □ 

A characterisation of left I-orders in Brandt semigroups appears as a conse- 
quence of the study of left I-orders in primitive inverse semigroups in \X0\. The 
statement of the result in the case of Brandt semigroups was also communicated 
to the second author by A. Cegarra pp. 

3. Inverse hulls of left ample semigroups 

Let S be a left ample semigroup. Where convenient we identify S with its 
image under 9 in S(S'). We begin with four simple but useful observations. 

Remark 3.1. First observe that for any a, b G S, 

domp-Vb = (imp" 1 ndomp b )(p- 1 )- 1 
= (dom p a n dom p b )p a 
= {Sa + nSb + )p a 
= (Sa+b+)p a 
= Sb+a 

and im p~ 1 p b = (Sb + a)p~ 1 p = Sb + a + p = Sa + b, and for any yb + a G Sb + a, 

(yb + a)pa 1 pb = (yb + a + )p b = ya + b. 
It follows that if a TZ* b, then 

dom p~ x p& = Sa, im p^pt = Sb and (ya)p a ~ 1 p b = yb. 



INVERSE SEMIGROUPS OF LEFT I-QUOTIENTS 



11 



Remark 3.2. We also observe that for any a, b G 5, 

p a £pb in £(5) imp a = imp 6 

5a = Sb 
a £ b in 5. 

Remark 3.3. If b, c G 5 and 56 fl 5c = 5u>, where wfe 
it, f c + = v, then 

dom pfep" 1 = (imp b ndom p~ 1 )p b ~ 1 = (SbDScjp^ 1 = Swp^ 1 

and for any su G Su, 

(su)pbp~ l = (sufypc 1 = (svc)p~ l = svc + 

so that in particular, im p&p^ 1 = Sv. Notice that 

u = ub + 1Z* ub = vclZ* vc + = v. 

It follows from Remark EH] that pbPc 1 = PuVf 

It is known [3], although our terminology is new, that a right cancellative 
monoid is a left I-order in its inverse hull if and only if it satisfies Condition 
(LC), which we now define for arbitrary semigroups. 

Definition 3.4. We say that a semigroup S satisfies Condition (LC) if for any 
a, b G S, there exists c G S with Sa fl Sb = Sc. 

Before proving the analogue of Clifford's result, we give two preliminary lem- 
mas, of which we will make much use. 

Lemma 3.5. For any semigroup S, 1Z* o £ = £ o TZ*. 

Proof. Let a, b G S with alZ* o £b. Then there exists an element c G S with 
aTZ*c£b. Either c = b in which case a£alZ*b or there exist u,v G S with 
c = ub and 6 = t> c. Hence c = ub = uvc so that as a TZ* c we deduce a = uva and 
thus a £v a. But valZ* vc = b so that a £ o 7Z*b and TZ* o £ C £ o 7£*. The proof 
of the dual inclusion is very similar. □ 

Lemma 3.6. Let S be a left ample semigroup that is a left I-order in an inverse 
semigroup Q, such that S is a union of TZ- classes of Q. Then 

(i) S is a (2, l)-subalgebra of Q; 

(ii) for a, b G S with aTZ* b, a~ l b is idempotent if and only if a = b; 
(Hi) for any a,b G S , Sa C Sb if and only if Qa C Qb; 

(iv) for any a, 6, c G S , 5a fl Sb = Sc if and only if Qa fl Qb = Qc; 

(v) S satisfies Condition (LC); 

(vi) Q is bisimple if and only if 

£ s o TZ* = S x 5; 

and 



= vc = w and ub + = 
= (5m6)p 6 _1 = Sub + = Su, 

= sv, 
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(vii) Q is simple if and only if for all a,b G S there exists c G 5 with 

aK*c< s c b. 

Proof, (i) We need only show that if a G 5, then aa _1 = a + . We have that 
alZ Q aar 1 and 5 is a union of 7£ Q -classes, giving aa^ 1 G 5. As alZ* aa^ 1 we 
must have that aa~ x = a + . 

(ii) If a _1 6 is idempotent, then as a' a 1 a, we must have that a x 6 = 

a _1 a. Multiplying with a on the left gives b = 66 _1 6 = aa~ l b = aa _1 a = a. The 
converse is clear. 

(Hi) If a, 6 G 5 and 5a C 56, then clearly Qa C Q6. On the other hand, 
if Qa C Q6, then we have that a = h~ l kb for some h,k £ S. It follows that 
a = ((kb)+h)- l h+kb and 

((fc^+Zi)- 1 ft Q ((kb) + h)-\(kb) + h) ft Q ((kb) + h)' 1 h + kb = a, 

so that as 5 is a union of ^-classes, ((kb) + h)- x G 5. It follows that Sa C 56. 

(if) Suppose that a, 6 G 5 and 5a fl 56 = 5c. Then c G 5a fl 56 C Qa D Q6, so 
that Qc C QatlQb. Conversely, if h~ x ka = u vb G QadQb, where a, k,u,v G 5, 
a 7?. and uTZv in Q, then fca = hu~ x vb and aw -1 = say, where s,£ G 5 and 
s7£t in Q. This gives that 

s/ca = £f6 G 5a fi 56 = 5c, 

and so ska = tvb = xc, where x G 5. Now 

fca = hu^vb = s~Hvb = s~ l xc 

and then h~ l ka = a _1 s _1 xc G Qc. Hence Qa D Q6 C Qc so that Qa fl Q6 = Qc. 

Conversely, suppose that a, 6 G 5 and Qa D Q6 = Qc. From Qc C Qa and 
Qc C Q6, (Hi) gives that 5c C Sa fl 56. On the other hand, if u = xa = yb G 
5a fl 56 for some x,y G 5, then u = qc for some g G Q, whence Qw C Qc. Again 
from (m), 5u C 5c so that Sa fl 56 C 5c and we have 5a fl 56 = 5c as required. 

(v) Let a, 6 G 5. Then 

Qa n Q6 = Qa _1 a n Q6 _1 6 = Qa _1 a6 _1 6 = Qab~ l b, 
but a6 _1 = s _1 t for some s, i G 5 with s7£t in Q, and so 

Qaf]Qb = Qs'Hb = Qtb. 

From (if) we now have that Sa fl 56 = 5t6 and 5 has Condition (LC). 

(vi) We have observed in Lemma l2^1 that 5 is straight in Q. Let a _1 6, c _1 d G Q, 
where a 72* 6 and c7£* d. Then 

a _1 6X?^c _1 d <^ a^blZ® x~ l y c~ l d for some x, y G 5 with x7£* y 
<^ a -1 7£ Q a; -1 and y CP d for some x,y G 5 with xlZ* y 
a £ Q x and y £^ d for some x, y G 5 with xTZ* y 
a£ s xlZ* y £ s d for some x,y £ S. 
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It follows that Q is bisimple if and only if C o 1Z* o C is universal. But from 
Lemma 1331 C and 1Z* commute on 5, so that Q is bisimple if and only if £ s oTZ* = 
5x5. 

{yii) Since Q is inverse, it follows from [U Theorem 8.33] that Q is simple if 
and only if for any e, / G E(Q), there is an element q G Q with e = qq~ x and 
c? -1 '? < /■ Let e, f & Q so that by (ii), e = a _1 a, / = 6 _1 6 for some a, 6 G 5. 
Then Q is simple if and only if there exists q = c~ x d (where u,v G 5 and clZ* d) 
such that 

e = qq^ 1 = c~ l c and g? -1 g? = q q < f. 

It follows that Q is simple if and only if for any a, 6 G 5 there exist c,d G 5 with 
cTZ* d such that 5 a = Sc and S'ci C 56. Again using Lemma I3.5[ we obtain the 
given condition. □ 

We can now extend from right cancellative monoids to left ample semigroups 
the classic result for inverse hulls. 

Theorem 3.7. Let S be a left ample semigroup. Then S6$ is a left I-order in 
its inverse hull if and only if S has Condition (LC). 

If Condition (LC) holds, then S6s is a union of R?^ -classes. 

Proof. Suppose that 5 is a left I-order in E(5). The for any 6, c G 5, pbPc 1 — 
p~ x p v where u7Z*v. By Remark [3 . 1 1 dom (pup~ 1 ) = Su, so that 

Su = (im p b n dom p^^p^" 1 = (56 fl Sc)p^ 1 . 

But p^pb is the identity on 56 = imp;,, and so 

5w6 = (Su)pb = (56 n Sc)p^ 1 pb = 56 fl 5c, 

and 5 has Condition (LC). 

Conversely, suppose that 5 has Condition (LC). Let 

Q = {pZ 1 p b :a,beS}CE(S). 

Observe that for any a G 5, p a = p a +a = P^+Pa, so that S6s C Q. 

Consider 6, c G 5. By Condition (LC), there exist u,v G 5 with 56 fl 5c = Sub 
and ub = vc with ub + = u and vc + = v. By Remark I3TB1 PbPc 1 — P^Pv 

It follows that if p~ l Pb, Pc l Pd £ Q, then 

{Pa 1 Pblipc 1 Pd) = PZ X (PbPZ X )Pd = Pa\pu 1 pv)pd = {puPa)~ l {pvPd) = P^Pvd, 

so that Q is closed under multiplication. Clearly Q is closed under taking inverses, 
so that S(5) C Q from definition of inverse hull, and so Q = S(5) as required. 

Finally, if e G E(S) and p e p~ l p b , where a, 6 G 5 and a 72* 6, then 
domp e = dom p~ 1 p fe , so that 5e = Sa and a is regular in 5. Any inverse c 
of a in 5 must be such that p c is the unique inverse of p a in Q, so that p^ 1 G 56*5 
and hence p^Pb G 5#s- D 
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Corollary 3.8. The following conditions are equivalent for a left ample semi- 
group S: 

(i) S(S') is bisimple; 

(ii) S has Condition (LC) and 1Z* o £ = S x S; 
(Hi) S is a left I-order in and 7Z* o C = S x S. 

Proof. We recall that the embedding of S into S(S") is via what, in the termi- 
nology of [IE] , are called one-one partial right translations. It follows that Ti(S) 
is an inverse subsemigroup of the inverse semigroup S of one-one partial right 
translations. Thus for any a G S(S'), doma is a left ideal and for any a G doma 
and x G S, (xa)a = x(aa). 

(ii) =>• (in) and (in) =>• (i) are immediate from Lemma [3.61 and Theorem 13.71 
(i) =>- (ii). Suppose that S(S') is bisimple, and let e G E(S). For any a G £(£), 
we know that aV p e , so that alZ(3£p e in S(S'). Then doma = dom/3 and 
im/3 = Se. It follows that dom/3 = S(e(3~ 1 ) so that doma is principal. Now let 
a, b G S"; then 

dom(p a p^ 1 ) = (5a n S^p^ 1 = Sw 

for some w £ S, and so 

Swa = SaH Sb 

and 5* has (LC). From Theorem 13. 7\ 71* o £ is universal on S. □ 

We recall that a left ample semigroup S is proper if 7£* fl cr = 6, where a is 
the least right cancellative congruence on S, and where a is given by the formula 
that for any a,b G S, 

a a b <^ ea = eb for some e G E(S). 

Clearly, if S is a subsemigroup in an inverse semigroup Q, then if aab in S", we 
have that a a 6 in Q, but the converse may not be true. In other words, there is 
a natural morphism from S/o~ to Q/cr, but this may not be an embedding. 

Theorem 3.9. Let S be a left ample semigroup such that S is a left I-order 
in Q where S is a union of 1Z- classes of Q. Then the following conditions are 
equivalent: 

(i) Q is E-unitary; 

(ii) S is proper and S/a embeds naturally in Q/cr; 
(Hi) S is proper and S/a is cancellative. 

Proof, (i) =>■ (ii) Suppose that Q is E-unitary, and a,b G S are such that aab in 
Q. Then ea = eb for some e G Q, so that eb + a = ea + b. But b + a1Z® a + b and so 
b + a = a + b. This gives that aab in S. 

Clearly, if a, b G S and a (71* PI a) b in S, then a (1Z D cr) 6 in Q, whence a = 6 
and 5 is proper. 

(ii) =>- (in) This is clear. 
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(Hi) =>- (i) Let a 1 6, c 1 d E Q, where a, b,c,d e S, aTZ* b and c7£* d. Suppose 
that a~ 1 b (1Z fl a) c~ l d in Q. Then there exists x G 5 such that 

and a^bTlP c~ l d. From the former, xa _1 b = xc~~ 1 d and from the latter, aCc in 
Q. Hence a£c in 5 and so there exist u,v G S with a = uc and c = ua. We 
may choose u, v such that a + u = u and c + w = v. Now a = uc = uva so that 
a + = uva + , whence u = a + u = uva + u = uvu. Similarly, v = vuv, so that u and 
v are mutually inverse in both S and Q. 
From xa~ x b = xc~ x d we have that 

xa~ l b = x(va)~ 1 d = xa~ 1 v~ 1 d = xa^ 1 ud. 

But xa~ l y for some y G S, so that 7/6 = yud and as 5/cr is cancellative, baud 
in 5. Also, blZ* a = ucTZ* ud so that as S is proper, b = ud. Now 

a~ l b = a~ x ud = a~ 1 v~ 1 d = (va)~ l d = c~ l d 

and Q is E'-unitary as required. 

□ 

We remark that if the conditions of Theorem [333 hold, then for any q = [a _1 6] G 
Q/cr, we have that q = [a]~ l [b] and so the cancellative monoid S/a is a left order 
in the group Q/a. 

The following result is classic; most of it follows from Theorem 13.71 and Corol- 
lary EE 

Corollary 3.10. [3], [T71 US] . The following conditions are equivalent for a right 
cancellative monoid S : 

(i) is bisimple; 

(ii) S has Condition (LC); 
(Hi) S is a left I-order in 

If the above conditions hold, then S is the 1Z- class of the identity of Q. Further, 
S(S') is E-unitary if and only if S is cancellative. 

Conversely, the TZ-class of the identity of any bisimple inverse monoid is right 
cancellative with Condition (LC). 

Proof. The equivalence of (i),(ii) and (ra) follows from Corollary 13.81 and the 
fact that TZ* is universal on S. 

Suppose that (z), (ii) and (Hi) hold. Let e be the identity of S. As remarked 
in Section [H T,(S) is a monoid with identity e. Since S is a single 7£*-class, and 
the embedding of S into T,(S) is a (2, l)-embedding, we have S C R e K . Again 
by Theorem 13. 7\ we have that R^ S ^ C S, so that 5* = . 

Since a = i on S, it is clear that S is proper and S/cr = S. From Theorem 13.91 
S(S') is .E-unitary if and only if 5* is cancellative. 

Conversely, let R be the 7£-class of the identity of a bisimple inverse monoid 
Q. It is easy to see that R is a right cancellative monoid, and from a comment 
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in Section [H we have that R is a left I-order in Q. Lemma T3.6I tells us that R has 
(LC). " □ 

We now give a promised simplification of Theorem 12.91 First, we say that 
a (2, l)-morphism : 5 — > T, where 5 and T are left ample semigroups with 
Condition (LC) is (LC) -'preserving if, for any b,c G 5 with Sb fl Sc = Sw, we 
have that 

T(60) HT(c0) =T(w(f>). 

This condition is not new: it appeared originally in [21] for right cancellative 
monoids with (LC), where it was called an si homomorphism and subsequently 
(or variations thereof, and under different names) in, for example, [5] and (16] . 
Using the fact that for idempotents e, / of an inverse semigroup Q, we have 
that Qe fl Qf = Qef, it is easy to verify that any morphism between inverse 
semigroups is (LC)-preserving. 

The following result was first proved in the special case of 5 and T being right 
cancellative in [2~TJ . 

Theorem 3.11. Let S and T be left ample semigroups with Condition (LC) and 
let Q and P be their inverse hulls. Suppose that : S — > T is a (2, l)-morphism. 
Then lifts to a morphism <p : Q — >• P if and only if <p is (LC)-preserving. 

Proof. For ease in this proof we identify 5 and T with S9s and T8t, respectively. 
We have remarked that any such preserves 7t*, and since (1Z*) S = 1Z® n (5 x S) 
and (TZ*) T = 1Z P fl (T x T), (i) of Theorem El holds. It remains to show that 
(ii) of that theorem holds if and only if is (LC)-preserving. 

Suppose first that is (LC)-preserving. If (a, b, c) G 7^, then ab~ l Q C c~ l Q. 
Now S has (LC) so that Sa fl Sb = Sw for some w G 5 and ua = vb = w for 
some u,v £ S with tta + = w and t>6 + = t>. From Remark 13.31 a6 _1 = u~ 1; v 
and ulZ*v. Hence u~ Y vQ C c _1 Q so that 5m C 5c from Lemma 13.61 Clearly, 
T(u<f>) C T(vcj)),u(j)a(j) = vcj)b(j) = w(p,u(j)(a(f)) + = u<p and vcj)(b(f)) + = vcf). As is 
(LC)-preserving, T(a<p) fl T(60) = T(w<p) whence a0(60) _1 = (w0) _1 f0 and it 
follows that (a0, 60, c0) G 7^. 

Conversely, suppose that (ii) of Theorem l2.9l holds. so that lifts to a morphism 
: Q — )• P- Supppose that b,c G S and 56 fl 5c = Sw. We have ub = vc = w 
for some u,v & S with w6 + = n, f c + = u and u 1Z* v. This gives that bc~ l = u~ li v 
and so, applying 0, 60(c0)~ 1 = (w0)~ 1 f0. As T has (LC), we certainly have that 
60(c0) _1 = for some h,k G T with /i(60) = fc(c0) = z,T(b<f>) fl T(c0) = 

Tz and hlZ* k in T. From Lemma 13.61 u<ft£h in T, so that w0 = (ub)<f) = 
ucf)b(f) £h(b<f)) = z in T. We now have that 

T(60) n T(c0) = Tz = T(w0) 

and is (LC)-preserving. □ 

The above result could (via a series of intermediate steps) be deduced from 
Theorem 2.6 of p.6j. For, the ample condition ensures that a left ample semigroup 
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is embedded in the semigroup S of one-to-one partial right translations of S via 
the right regular representation described in Section [TJ Further, the image of 5* is 
contained in J(S), the set of join irreducible elements of S. By [T6J Proposition 
1.14], if S has (LC), then J(S) is an inverse semigroup, which is isomorphic to our 
E(5'). The restriction of 9 in [TU Theorem 2.6] to J(S), with a slight adaptation 
of the notion of permissible homomorphism, will now give our Theorem 13. Ill 

4. Semilattices of inverse semigroups 

We begin by setting up our notation. Let Y be a semilattice and let S be a 
semigroup such that S is the disjoint union of subsemigroups S a ,a G Y, and is 
such that for any a, (3 G Y, S a S/3 C S a p. Then we say that 5* is a semilattice Y 
of subsemigroups S a ,a G Y and write S = S(Y; S a ). We make the convention 
that if we write x a G S (for any symbol x and any a G Y ), then we mean that 
x a G S a . 

If there exists a set of morphisms 4> at p : S a — > Sp for a > (3 such that 

(i) 4> a ,a = Is a for all a G Y; 
and 

(ii) 4 > a,p4>Pn = 0a,7 for all a, /3,7 G Y with a > (3 > 7, such that the binary 
operation in 5" is given by the rule that 

dab/3 = (a a 0a,a/3)(&/30/3,a/3), 

where the last product is taken in S a p, then we say that S is a strong semilattice 
Y of semigroups S a , ot G Y , with connecting morphisms (j) a ,p, oe > /3 and write 
S = S(Y; S a ; (j) a ,p)- 

Let Q = (Y; Q a ; ipa^) be a strong semilattice of bisimple inverse monoids 
Q a , a G Y, such that the connecting morphisms are monoid morphisms. It 
follows that the set E of identities E = {e a : a G Y} forms a subsemigroup, 
indeed a semilattice isomorphic to Y. Let R a denote the 7?.-class of e a in Q a . 
Then it is easy to see that S = S(Y; R a ; 4>a,p) is a strong semilattice of right 
cancellative monoids, where 4> a ^ = ip a ^\R a - In [H], Gantos showed how to recover 
the structure of Q from that of S; in our terminology, Q is a semigroup of left 
I-quotients of S and the morphisms <f) a ,/3 satisfy Condition (LC). 

In this section we revisit and generalise Gantos's result. We believe that its 
correct context is that of inverse hulls of left ample semigroups, and we show 
that his result can be naturally extended to strong semilattices of left ample 
semigroups. Gantos uses an explicit construction of quotients involving ordered 
pairs subject to an equivalence relation - we avoid all such technicalities by using 
our results concerning lifting of morphisms. 

We first observe that the 'strong' in Gantos's result is automatic. The proof of 
the following is entirely routine, but we provide it for completeness. 
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Lemma 4.1. Let P = «S(Y;M a ) where each M a is a monoid with identity e a , 
such that E = {e a : a G Y} is a sub semigroup of P. Then E is a semilattice 
isomorphic to Y and E is central in P. 

If we define Q)( g : M a — > Mp by a a (p a ^ = a a ep, where a > f3, then each <p a ^ 
is a monoid morphism, and P = S(Y; M a ; <j) a ,p) ■ 

Proof. Let a a G M a and suppose first that a > f3. Then 

a a ep = ep(a a ep) = {epa a )ep = epa a . 

Now, for arbitrary e 7 , 

CL a Cry (^0^7)^0:7 ^0^(^760/^) ^ft6 Q -y ^cfyda (^0:7^7)^0 ^(27(^7^0:) 6 7 tt a , 

so that E is central in P. 

It is easy to see that for a > f3, <p a ^ : M a — > Mp is a monoid morphism, 
<l>a, a = Im b and for a > (3 > 7, <p an = Q)/ 90/3, 7 - Let Q = S(Y; M a ; (f) a ^) and 
denote the binary operation in Q by *. 

For a a , bp G M we have 

a a *bp = (a a (f) aja p)(bp(f)p :a p) = (a a e a p)(bpe a p) = (a a bp)e a p = a a bp, 
as required. □ 

Proposition 4.2. Let S = S(Y; S a ; (f> a ,p), where each S a is left ample and the 
connecting morphisms are (2, l)-morphisms. 

(i) The semigroup S is left ample, and for any a,b G S , aTZ* b in S if and only 
if a,b G S a for some a EY and a TZ* b in S a . 

(ii) If each S a has (LC), then S has (LC) if and only if every (f> at p,a > (3, is 
( L C) -preserving. 

Proof, (i) Let f a ,gp G E(S); then 

fag/3 = {fa<t>a,ap){gp<t>l3,cip) = (9p<f>P, a p) {fa<t>a, a p) = 9/3 fa, 

using the fact that E(S a p) is a semilattice. Thus E(S) is a semilattice. 

Suppose now that a a (7Z*) S bp. Let f a be the idempotent in the (TZ* ) Sa -class 
of a a . Then as f a a a = a a we must also have that f a bp = bp so that j3 < a. With 
the dual we obtain that a — (3; clearly, then a a (7Z*) Sa b a . 

Conversely, suppose that a a (7Z*) Sa b a and Then 7a = 5a = /i, 

say, and (x 7 7)M )(a Q QjM ) = (ys(l>s,n)(aa<f>a,n)- But <f> a>tl is a (2, l)-morphism, and 
a a (TZ*) Sa b a , so that a a <p a ^ (7Z*) Sf * b a <p a ^. We thus obtain that (x 7 7)/1 )(6 Q Q)/i ) = 
{ys^>s,ii)ipa^>a,ii) an d hence x^b a = ysb a - Making an easy adjustment for x 1 — 1 
yields that a a (7Z*) S b a . 

Notice that from the above, there is no ambiguity in the use of the superscript 
+ . To see that S is left ample, let a a G S and fp G E(S). Then 

+ = ((aa0a,a/3)(//30/3,Q/3)) + (a Q a , Q( g) = (d a (f) aiCe p)(fp(f)p ja p), 

using the fact that S a p is left ample, so that (a a fp) + a a = a a fp as required. 



INVERSE SEMIGROUPS OF LEFT I-QUOTIENTS 19 

(ii) Suppose that each S a has (LC). 

Assume first that each (p a ^ is (LC)-preserving. Let a a , bp G S and let 7 = a/3. 
As S 1 has (LC) we know that 

S-yd a n S^bp = Sj[a,(f) at j) n Sj(b(f)/i) y) = S^c^, 

for some c 7 . We claim that Sa^ fl 56/3 = S'c-y. 

Certainly c 7 = x 7 a a = y^bp for some x 7 ,y 7 G S y , so that c 7 G Sa a fl 56^ and 

so 

5c 7 C Sa,, n Sfy. 

On the other hand, let d G S*a a fl ST^; then there are elements u^,v u G S with 
d = u^a a = v v b$. Let r = /ia = u(3, so that r < 7. Then 

d = d T = d^d T = (d+u^)a a = (d^v u )bp G SVa a H SVfys- 

Now 7j1 - is (LC)-preserving, so that S T a a fl SV&g = S T Cy. This gives that d = 
z T c-y G S'c-y. Hence Sa a fl iSfyg = Sc 7 as required. 

Conversely, assume that S has (LC) and suppose that a > (3; we must show 
that a>( g is (LC)-preserving. 

We first show that for any a a ,b a ,c a G 5, 

SfyQ/Q, (~1 S^b^ — — SqiCq *\— r* Sclq, f~l Sb a == SC(y. 
(<=) If Sac n S'fea = Sco, we have that 

c Q = wa a = w6 a = (ua+)a a = (w^) & a e S a o Q n 5 a 6 a , 
so that S'qCq C S^cio fl S a b a . On the other hand, if x a ,y a G and 

x a a a = 1/0,60, G S a a a D S a b a ^ Sa a f) Sb a , 

then 

Xq,Oo Vaba ^Cq, (zC a )c a G S a C a . 

Thus SoOq fl 6*060 ^ ^Co and we have S Q a a fl So&a = S a c a as desired. 
(=>•) Conversely, suppose that S a a a nS a b a = S a c a . We also know that Sa a nSb a = 
Sdp for some dp G S. As <ig G Sa a we have that P < a, but c Q G 5^, so that 
a = (3. From (-<=) we have that S a a a fl So&o = S a d a , so that c a Cd a in and 
hence in S. Consequently, Sa a fl S&o = Sc a . 

We now return to the argument that 0o,/3 is (LC)-preserving (for a > pi). 
Suppose that a a , b a , c a G S and 5 a a a fl S'o&o = S a c a . We know that c a = x a a a = 
y a b a for some x a ,y a , so that c a <p a ^ = (x a (j) a: p)(a a (f) a: p) = {y a <p a ,p){b a (()^p), giving 
that 

c a (f) a ,p G Sp(a a 4> a> p) n Sp(b a (/) Qj p) = Spdp 
for some <ig. From the above, ^ fl S&o = S'cq.. We have that for some up,vp, 

dp = up(a a (f> a> p) = vp(b a (f) a ,p) = upa a = vpb a G Sa a H 560 = 5*00 

so that dp = z^Ca = ((z 7 Co) + z^)(c a (f) at p) G Sp(c a (f) at p). It follows that 

Sp(a a <p a) p) n Sp{b a <f) a) p) = Spdp = Sp(c a (j) a) p) 
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and 4> a ,p has (LC). □ 

We can now give the main result of this section. 

Theorem 4.3. Let S = S(Y; S a ; 4> a ,p) be a strong semilattice of left ample semi- 
groups S a , such that the connecting morphisms are (2,l)-morphisms. Suppose 
that each S a ,a G Y has (LC) and that S has (LC). 

For each a G Y, let Q a be the inverse hull of S a - Then for any a, (3 G Y 
with a > (3, we have that (p a ,/3 lifts to a morphism <f> a> p : Q a — >• Qp. Further, 
Q = S(Y] Q a ] (j>a,p) is a strong semilattice of inverse semigroups, such that S is 
a straight left I-order in Q. 

Moreover, Q is isomorphic to the inverse hull of S. 

Proof. By Theorem 13 .7\ each S a 8s a is a left I-order in its inverse hull - we identify 
S a with S a 0s a and write the inverse hull of S a as Q a - By Lemma [2^ S a is straight 
in Qa- 

From Proposition I4.2[ S is left ample and as S has (LC), the connecting mor- 
phisms are (LC)-preserving. By Theorem 13.111 each Qj( g(o; > 0) lifts to a mor- 
phism 4> a ,/3 : Qa Qp- Clearly <p a ,a is the identity map and for any a > (3 > 7, 
4>a,p 0/3,7 = 0o!,7- Thus Q = S(Y;Q a ;4> at p) is a strong semilattice of inverse 
semigroups and S is a straight left I-order in Q. 

It remains to show that Q is isomorphic to the inverse hull P = £(£) of S. 
First, it is easy to check that S is a union of 7£-classes of Q. 

For any a,b G S, 

a TZg b a,b G S a for some a and a TZg b 

<=> a,b G S a for some a and a (7Z*) Sa b 
<=> a(K*) s b 
a6 s n p b6 s . 

Let a a , bp G S; we show that 

Sa a n Sbp = S(a a (j) ai ap) H S(bp(j)p ia p). 

Let 

x = Uja a = vsbp G Sa a fl Sbp; 
then 7a = 5(3 = r say, so that r < af3 and 

x = x + x = (x + u 1 )a a = (x + vs)bp = (x + -u 7 )(a Q ,0 Q , iT ) = (x + Vs)(bp(f>p tT ) 

= (x + M 7 )(a a aiQ/3 ) = (x + v s )(bp(f)p !a p) G S(a a (j)a,ap) n S(bp(j)p ia p). 
Conversely, if 

y = /i 7 (a a aja/3 ) = k 6 (bp(j)p ia p) G S(a a <f>a,ap) H S(bp4>p !a p) 
then 7a/3 = <5a/3 = k say and 
y = (y + h 1 )(a a (j) at ap) = (y + ks){bp4)p ta p) = (y + h^)a a = {y + k 5 )bp G Sa a H SV 
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Now let a, b, c G S. Consider ba 1 6 Q; say b = bp and a = a a . Then 

ba' 1 = (&0 / 3, Q/3 )(a0 Q , a/ 3)~ 1 = x~ x y 

where x,y G S a p, x = x(b(j)p^p) + ,y = y{a(j) a ^) + , S a p(b<f)p, a p) C S a p(a(j) ata p) = 
Sap(x(b<pp ta p)) and 

X(b(f)p : afs) = y{CL<t>a,ap) = xb = yd. 

Also, x = x(6 + 0^ iQ , / g) = x6 + and similarly, y = ya + . From the proof of Proposi- 
tion H72] and the argument above, we have that Sb R Sa = S(xb). It follows from 
Remark E31 that in P, bd s {a9s)' 1 = (xOs^yOg. 
Now 

(a, b, c)elf ab- l Q C c -1 Q 
<^ Q&a -1 C Qc 
^ Qx~ l y C Qc 

^ Qy ^Qc 

<=> SyCSc 

& Se s (y6 s ) ^ S6s(c6 s ) 

& P{yO s )QP{c9 s ) 

& PbOsiaOsy 1 C P(c6 s ) 

& (ad s )(b9 s )~ l P Q {cOsY 1 ? 

& (ae s ,be s ,cB s )eP 

From Corollary 12.101 Q is isomorphic to P via an isomorphism lifting 9s. □ 

From Lemma 13.61 and Theorem 14.31 we have the following result of Gantos. 

Corollary 4.4. (cf. [9j Main Theorem],) Let S = S(Y;S a ) be a semilattice Y 
of right cancellative monoids S a with identity e a , such that each S a has (LC). 
Suppose in addition that for any a > (3, if S a a a D S a b a = S a c a , then Spa a D 
Spb a = SpCa. For each a G Y , let Q a be the inverse hull of S a , so that Q a is a 
bisiraple inverse monoid, and S a is the 1Z® a -class of e a . Then Q = S(Y; Q a ) is a 
semigroup of left I-quotients of S, such that E = {e a : a G Y} is a subsemigroup. 

Conversely, let Q = S(Y;Q a } be a semilattice Y of bisimple inverse monoids 
Q a , with identity e a , such that E = {e a : a G Y} is a subsemigroup. Then 
S = S(Y] R ea ) is a semilattice of right cancellative monoids R Ca , such that each 
R ea has (LC) and for any a > (3, if R ea a a nR ea b a = R ea c a , then R e „a a nR ep b a = 
R c 

5. Bisimple inverse semigroups 

Let Q be a bisimple inverse semigroup and let S be a subsemigroup of Q that 
is a union of 7^ Q -classes. Clearly S is left ample and is embedded as a (2, 1)- 
subalgebra of Q and from a remark in Section dj S is a left I-order in Q. It 
follows from Lemma [3.61 that S has Condition (LC). 

Let BIS be the category with objects ordered pairs (Q, S), where Q is a bisim- 
ple inverse semigroup and S is a subsemigroup of Q that is a union of 7£ Q -classes. 
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A morphism in BIS from (Q, S) to (P, T) is a semigroup morphism ip such that 
Sip C T. Now let LAC be the category with objects left ample semigroups with 
Condition (LC) and such that 7Z* o £ is universal. A morphism in LAC from S 
to T is a (2, l)-morphism : S — > T that is (LC)-preserving. It is easy to see 
that BIS and LAC are categories. 

The next lemma follows from Theorem 13.71 

Lemma 5.1. Let S be an object in LAC. Then (E(S), S6s) is an object in BIS. 

Lemma 5.2. (i) Let (Q, S), (P, T) be objects in BIS, and suppose that <p : S — > T 
is an isomorphism. Then <fi lifts to an isomorphism from Q to P. 

(ii) Let (Q, S) be an object in BIS. Then tp : E(5) — > Q given by (p^Pb)^ — 
a~ x b is an isomorphism. 

Proof. We need only prove (i), for then (ii) follows from Lemma [5.11 

For ease we identify S with T and take <fi to be the identity map on S. 
Notice that for any a,b E S, a 7Z® b if and only if alZ*b in S, if and only if 
alZ p b. If aC^b" 1 , then aC^bb^ 1 = b + , so from Lemma 13.61 aC s b + , whence 
aC p b + C p b~ l . Consequently, alZ® b^ 1 if and only if a^ 1 b if and only if 
a^ 1 C p b if and only if alZ p ft -1 . 

We recall from Lemma [2~7T1 that for a, 6, c, d E S with a Tl9 b and clZ® d, a~ 1 b = 
c~ x d in Q if and only if there exist x,y E S with xa = yc and xb = yd and such 
that aTZ Q x-\ s vIZ® y and y c 1 . It follows from the above observations that 
the rule that takes a~ l b E Q (where a,b E S and a 7Z* b) to a~ l b in P is a 
bijection. 

Suppose now that 6c _1 = x~ l y in Q, where b,c,x,y E S and x7Z*y. Notice 
that yc + = y. From Lemma |2T6| xb = yc. Certainly Sxb C SbCiSc. On the other 
hand, if ub = vc E Sb fl Sc, then 

ub = vc = ubc~ x c = ux~~ yc 

so that Qub C Qyc and so Sub C Syc. It follows that Sb fl Sc = Sxb. 

Conversely, if we are given that Sb n Sc = Sxb, where xb = yc, x 1Z* y and 
yc + = y, then b~ x bc~ x c = (xb)~ x xb = b~ x x~ x xb and so 

bc~ x = bb~ 1 x~ 1 xbc~ 1 = x~ 1 xbc~ 1 = x^ycc^ 1 = x~ l y. 

Suppose now that a~ 1 b,c~ 1 d E Q with a,b,c,d E S and aTZ* b,c7Z* d. Then 
bc^ 1 = x~ l y in Q with xTZ* y = yc + , xb = yc and Sxb = Sb fl Sc. It follows that 
6c _1 = x~ l y in P also. Now 

(a~ 1 b)(c~ l d) = a~ 1 (bc~ 1 )d = a~ 1 (x~ l y)d = (xa)~ 1 yd 

in both Q and P. It follows that the map that takes a~ l b E Q (where a,b E S 
and aTZ* b) to a~ l b E P is an isomorphism, which clearly restricts to the identity 
on S. □ 

Let F : LAC — > BIS be the functor that takes an object S of LAC to 
(S(S'), S9s)- If S, T are objects in LAC and : S — > T is a morphism in LAC, 
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then by Theorem 13. Ill lifts to a morphism : £(5) — >■ S(T). More accurately, 
0' : S9 S -> T# T given by p a 0' = p a</i lifts to 0, so that (p- x p h )<j) = p^p b( f,- Clearly 

S9 s <t> = S6s4>' C T#t, so that is a morphism from (£(5), S6s) to (E(T),T0y) 
in BIS. It is straightforward to verify that F is indeed a functor. 

Let G : BIS — > LAC take an object (Q, 5) of BIS to 5 and a morphism ip 
from (Q, 5) to (P,T) in BIS to = "0|s- Clearly is a (2, l)-morphism. 

Lemma 5.3. The map G defined as above is a functor from BIS to LAC. 

Proof. We need only check that if ip is a morphism from (Q, 5*) to (P, T) in BIS, 
then = -05 is (LC)-preserving. 

Let a, 6, c e 5 be such that 5a fl Sb = Sc. By Lemma 13. 6[ Qa n Qb = Qc, so 
that as ip is certainly an (LC)-morphism, P{aip) fl P{b%p) = P(pjS) and again by 
Lemma [3.6[ and using the fact = ip\s, T(a0) fl T(b<p) = T(c<p). 

□ 

We now show that FG and GF are naturally isomorphic to /lac and /bis, 
respectively. 

Let 5 be any object in LAC; then 

SFG= {E{S),S0 S )G = S6 S 

and 8s '■ 5/lac — > SFG is an isomorphism in LAC. If : 5 — > T is a morphism 
in LAC, then 

0FG = 0G = 0\se s = 0', 
where p a 0' = p a $. For any s G 5 we have that 

s9 S (j)' = p s cf)' = p S(f> = s4>9 T 

so that 




SFG 



<j)FG 



TFG 



commutes. 

On the other hand, for any object (Q, 5) of BIS, 

(Q,S)GF = SF = (E(S),S9 S ) 
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and for a morphism ip : (Q, S) — > (P, T) in BIS, 

^GF = ^j\ s F = i^, 

where for p~ l p b G E(S), (p~Vfc)^U = P^PW- % Lemma P(q,s) : (Q, 5) ->■ 
(E(S),S8s) given by (a _1 6)/i(Q i>S ) = p~Vfc is an isomorphims, which clearly lies 
in BIS. We have that for any a~ 1 b G Q, 

{a' l b)^Q,s){^GF) = (p- l p h )(i)GF) = p^p bl p = ({aip^bip) /i (F)T) = (a -1 &)^(p,T), 
so that 



(Q,sy 

(P,l> 



iQ,S)GF 



P(P,T) 



ipFG 



(P,T)GF 



commutes. 

We now have the main result of this section. 

Theorem 5.4. The categories BIS and LAC are equivalent. 

As a corollary, we have the classical result due to Clifford and Warne, made ex- 
plicit in [HI Chapter X]. To state this result, we let BIM be the full subcategory 
of BIS consisting of all pairs (Q,Ri), where Q is a bisimple inverse monoid and 
Ri is the 7£-class of the identity of Q, and we let RCC be the full subcategory 
of LAC consisting of right cancellative monoids with the (LC) condition. Since 
F| RCC : RCC -> BIM and G\ BIM : BIM -> RCC, we deduce the following. 

Corollary 5.5. [31 (2TJ [18] The categories BIM and RCC are equivalent. 

Finally, we remark on the connection between this material and Reilly's RP- 
systems [19]. Reilly defined an RP-system (R, P) to be a 'right partial semigroup' 
R together with a subsemigroup P of R satisfying certain conditions. He showed 
that for any RP-system (R, P) there exists a bisimple inverse semigroup Q(R, P), 
some 7£-class of which is isomorphic (under the appropriate notion) to R. Con- 
versely, for any 7?.-class R of a bisimple inverse semigroup, there is a subsemigroup 
P of R such that (R, P) is an RP-system and Q(R, P) is isomorphic to Q. We 
remark that if S is an object in LAC, then any 7£*-class of S is an 7£-class of 
a bisimple inverse semigroup and so an RP-system. Conversely, if (R, P) is an 
RP-system, let Q be a bisimple inverse semigroup into which it embeds as an 
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7?.-class R q . Let S be the smallest subsemigroup of Q containing R q that is a 
union of 7£-classes of Q. Then S is left ample, and a left I-order in Q, so that S 
is an object in LAC. 
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